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ABSTRACT 

In this paper, we find solutions of exponential Diophantine equation  7x + 72y = z2  

in non- negative integers x, y and z. Two different approaches are illustrated for 

finding the non – negative integer points satisfying the exponential Diophantine 

equation under consideration. 
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I. INTRODUCTION 

Number Theory is a branch of pure 

mathematics devoted primarily to the study of 

integers. Diophantine Analysis deals with various 

techniques of solving Diophantine equations in 

multivariables and multi degrees.  If a Diophantine 

equation has variables occurring as exponents, it is 

an exponential Diophantine equation. For example, 

the 𝑅𝑎𝑚𝑎𝑛𝑢𝑗𝑎𝑛 − 𝑁𝑎𝑔𝑒𝑙𝑙 equation 2𝑥 − 7 = 𝑥2  

and the equation of the 𝐹𝑒𝑟𝑚𝑎𝑡 −  𝐶𝑎𝑡𝑎𝑙𝑎𝑛 

conjecture 𝑎𝑚 + 𝑏𝑚 = 𝑐𝑘 .  

In this paper, two different exponential 

Diophantine equations are considered for finding 

non-trivial integral solutions. 

II. PRELIMINARIES  

In this section we use the factorisable method and 

Catalan’s conjecture to prove the two lemmas. 

A. PROPOSITION 2.1: (3,2,2,3) IS A UNIQUE 

SOLUTION (A, B, X, Y) FOR THE DIOPHANITNE EQUATION 

AX − BY = 1 WHERE A, B, X AND Y ARE INTEGERS WITH 

MIN A, B, X, Y > 1. 

B. LEMMA  2.2: THE DIOPHANTINE 

EQUATION 7X + 1 = Y2, WHERE X AND Y ARE NON- 

NEGATIVE INTEGERS, HAS NO NON- NEGATIVE INTEGER 

SOLUTIONS. 

Proof: Let 𝑥 and 𝑦 be non-negative integers such 

that 7𝑥 + 1 = 𝑦2 . If 𝑥 = 0 then 𝑦2 = 2, which is not 

possible in integers. If 𝑦 = 0, then 7𝑥 = −1, which 

is also impossible. Now for 𝑥, 𝑦 > 0, Consider, 

7𝑥 = 𝑦2 − 1 =  𝑦 + 1  𝑦 − 1 . Let 𝑦 + 1 = 7𝑞 , 𝑦 −

1 = 7𝑝 , where 𝑝 < 𝑞 and 𝑝 + 𝑞 = 𝑥.  

Then 7𝑝 7𝑞−𝑝 − 1 = 2.  Thus, if 7𝑝 = 1 ⇒ 𝑝 = 0 

and  7𝑞−𝑝 = 3, which is also impossible. 

For the choice 7𝑝 = 2 and 7𝑞−𝑝 − 1 = 1 , there 

exist no integer solution. Hence 7𝑥 + 1 = 𝑦2 has no 

solution in non-negative integers. 

Another Proof: Suppose that there are non- 

negative integers 𝑥 and 𝑦 such that 7𝑥 + 1 = 𝑦2 . If 

𝑥 = 0, then 𝑦2 = 2 which is impossible. Then 𝑥 ≥ 1.  

Thus, 𝑦2 = 7𝑥 − 1 ≥ 7 + 1 ≥ 8. Then 𝑦 ≥ 3. Now, 

we consider on the equation 𝑦2 − 7𝑥 = 1. By 

proposition 2.1 , we have 𝑥 = 1. Then 𝑦2 = 8. This 

is a contradiction. Hence, the equation 7𝑥 + 1 =

𝑦2   has no   non- negative integers. 

C. LEMMA 2.3: The Diophantine 

equation72x + 1 = y2, where x and y are non- 

RESEARCH ARTICLE ISSN: 2321-7758 



International Journal of Engineering Research-Online  
A Peer Reviewed International Journal   

Articles available online http://www.ijoer.in; editorijoer@gmail.com 

Vol.5., Issue.4, 2017 
July-August 

 

92 MANJU SOMANATH, J. KANNAN, K. RAJA 

 

 

negative integers, has no non- negative integer 

solutions. 

Proof: Let 𝑥 and 𝑦 be non-negative integers 

satisfying  (72)𝑥 + 1 = 𝑦2 . 

 If 𝑥 = 0 ⇒ 𝑦2 = 2 which is not solvable in non-

negative integers.  

If 𝑦 = 0, (72)𝑥 = −1, which is also impossible. So let 

𝑥, 𝑦 > 0. 

Consider (72)𝑥 + 1 = 𝑦2  ⇒ 𝑦2 −  7𝑥 2 = 1,  which 

is not possible since the difference of two square 

can never be equal to one. 

Hence the equation 72x + 1 = y2  has no solution in 

non-negative integers. 

Another Proof: Suppose that there are non- 

negative integers 𝑥 and 𝑦 such that 49𝑥 + 1 = 𝑦2 . 

If 𝑥 = 0, then 𝑦2 = 2 which is impossible. Then 

𝑥 ≥ 1. Thus, 𝑦2 = 49𝑥 + 1 ≥ 50. Then 𝑦 ≥ 8. 

Now, we consider on the equation y2 − 49x = 1, By 

Proposition  2.1 , we have x = 1. Then y2 = 50. 

This is a contradiction. Hence the equation 

49x + 1 = y2 has no non-negative integer solution. 

III. MAIN RESULTS 

A. THEOREM 3.1:  THE DIOPHANTINE EQUATION 

7X + (72)Y = Z2   HAS NO NON-NEGATIVE INTEGER 

SOLUTION. 

Proof: If 𝑥 = 0, (72)𝑦 + 1 = 𝑧2  has no non-

negative integer solution by lemma (2.3).  

If 𝑦 = 0, 7𝑥 + 1 = 𝑧2  has no non – negative integer 

solution by lemma  2.2 . If 𝑧 = 0, 7𝑥 + (72)𝑦 = 0 

which is not impossible for non-negative integers 𝑥 

and 𝑦. So let 𝑥, 𝑦, 𝑧 > 0.  

Consider 7𝑥 = 𝑧2 −  72 𝑦 =  𝑧 + 7𝑦  𝑧 − 7𝑦 =

 7𝑞  7𝑝 , where 𝑝 < 𝑞 and 𝑝 + 𝑞 = 𝑥. 

Then 7𝑝 7𝑞−𝑝 − 1 = 2 7𝑦 . Thus, if 7𝑝 = 7𝑦 ⇒

 𝑝 = 𝑦 and 7𝑞−𝑝 = 3, which is also impossible. 

For the choices 7𝑝 = 2 and 7𝑞−𝑝 − 1 = 7𝑦 , there 

exist no integer solution.  

Hence 7𝑥 + (72)𝑦 = 𝑧2  has no solution in non- 

negative integers. 

Another Proof:  Let 𝑥, 𝑦 and 𝑧 be non- negative 

integers such that 7𝑥 + 72𝑦 = 𝑧2 . By lemma 

 2.2 and (2.3) we have 𝑥, 𝑦 ≥ 1. Note that 𝑧 is 

even. It follows that 𝑧2 ≡ 0 𝑚𝑜𝑑 3  or 𝑧2 ≡

1(𝑚𝑜𝑑 3). Note that  7𝑥 ≡ 1(𝑚𝑜𝑑 3) and 

 72 𝑦 ≡ 1(𝑚𝑜𝑑 3) .Thus 𝑧2 ≡ 2(𝑚𝑜𝑑 3). This is 

impossible. Hence, the equation 7𝑥 + 49𝑦 = 𝑧2  has 

no non- negative integer solution. 

 

 

IV. CONCLUSIONS 

Our goal is to examine various exponential 

Diophantine equation in three variables for finding 

integer solution. This paper outlines two different 

methods for solving 7𝑥 +  72 𝑦  = 𝑧2 .  

REFERENCES 

[1]. D. Acu, On a Diophantine equation 

2𝑥  +  5𝑦  =  𝑧2, Gen. Math., 15 (2007), 

145-148. 

[2]. E. Catalan, Note extraite dune lettre 

adressee a lediteur, J. Reine   

Angew.Math.,27 (1844),192. 

[3]. S. Chotchaisthit, On the Diophantine 

equation 4𝑥  +  𝑝𝑦  =  𝑧2  where p is a 

prime number,Amer. J. Math. Sci., 1 (2012), 

191-193. 114 B. Sroysang. 

[4]. P. Mihailescu, Primary cycolotomic units 

and a proof of Catalan’s  conjecture, J. 

Reine  Angew. Math., 27 (2004), 167-195. 

[5]. B. Sroysang, On the Diophantine equation 

3𝑥 + 5𝑦  =  𝑧2, Int. J. Pure Appl.Math., 81 

(2012),  605-608. 

[6]. B. Sroysang, More on the Diophantine 

equation  8𝑥 + 19𝑦  =  𝑧2, Int. J. Pure Appl. 

Math., 81  (2012), 601-604. 

[7]. B. Sroysang, On the Diophantine equation 

31𝑥  +  32𝑦  =  𝑧2, Int. J. Pure Appl. Math., 

81  (2012), 609-612. 

[8]. A. Suvarnamani, A. Singta, S. Chotchaisthit, 

On two Diophantine equations 4𝑥  +  7𝑦  =

 𝑧2  and   4𝑥  +  11𝑦  =  𝑧2, Sci. Technol. 

RMUTT J., 1 (2011), 

[9]. Banyat Sroysang, On The Diophantine 

Equation 7𝑥  +  8𝑦  =  𝑧2, International 

Journal of  Pure and Applied Mathematics, 

Volume 84 No. 1 2013, 111-114. 

[10]. Tituandreescu, DorinAndrica, “An 

introduction to Diophantine equations”   

Springer Publishing House, 2002. 

[11]. Manju Somanath, J. Kannan, K.Raja, 

Gaussian integer solutions to space 

Pythagorean equation 𝑥2 + 𝑦2 + 𝑧2 = 𝑤2, 

International Journal of Modern trends in 

engineering and research, vol. 03, Issue 04, 

April 2016, pp(287 - 289). 

[12]. Manju Somanath, J. Kannan, K.Raja, 

Integral solutions of an infinite elliptic cone 

𝑋2 = 4𝑌2 + 5𝑍2, International Journal of 

innovative Research in science , 



International Journal of Engineering Research-Online  
A Peer Reviewed International Journal   

Articles available online http://www.ijoer.in; editorijoer@gmail.com 

Vol.5., Issue.4, 2017 
July-August 

 

93 MANJU SOMANATH, J. KANNAN, K. RAJA 

 

 

Engineering and Technology,Vol. 5, Isssue 

10, October 2016, PP(17549 - 17557). 

[13]. Manju somanath, J.Kannan, K.,Raja, 

“Gaussian Integer Solutions of an Infinite 

Elliptic Cone 5X2 + 5Y2 + 9Z2 + 46XY −

34YZ − 22XZ = 0”,  International Journal 

of Science and Research (IJSR),Volume 6 

Issue 5, May 2017, pp(296 - 299). 

[14]. Manju somanath, J.Kannan, K.,Raja “Lattice 

Points Of A Cubic Diophantine Equation 

11 x + y 2 = 4xy +   44z3   ”, International 

Journal for  Research  in Applied Science 

and Engineering Technology (IJRASET), 

Vol.5 Issue V, May 2017, pp(1797 - 1800 ). 

[15]. L.J. Mordell, Diophantine Equations, 

Academic Press, New York,   1969.  


