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INTRODUCTION: 

 The binary quadratic equation offers an unlimited field for research because of their variety [1-5].  In 

this context, one may also refer [6-20]. This communication concerns with yet another interesting binary 

quadratic equation 0185 22  xyxyx  for determining its infinitely many non-zero integral solutions.  

Also a few interesting relations among the solutions are presented. 

2. METHOD OF ANALYSIS: The hyperbola under consideration is 

   0185 22  xyxyx        (1)  

To start with, it is seen that (1) is satisfied by the following pairs of integers (18,0),(6,6),(6,24)(-18,-

90),(96,24),(450,-90). However, we have other choices of solutions satisfying (1) and they are illustrated below: 

Treating (1) as a quadratic in x and solving for x, we get 

 32418021)185(
2

1 2  yyyx         (2) 

Let 32418021 22  yy            (3) 
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Substituting 
21

90


Y
y              (4) 

in (3), we have 

121 22  Y     
whose general solution is given by  

   




 

 11

211255211255
2

1 nn

nY                  (5)
              

   




 

 11

211255211255
212

1 nn

n                                                   (6) 

From (4) and (5), we have 

          
7

30
211255211255

7

6 11






 

 nn

ny                             (7)       

Substituting (6) and (7) in (2) and taking the positive sign, the corresponding integer solutions to (1) are given 

by 

     ,)211255()211255(
21

9

7

12
211255211255

7

15 11
11









  nn

nn

nx                  

,......5,3,1n

 

     
7

30
211255211255

7

6 11






 

 nn

ny    ,  ,......5,3,1n   

PROPERTIES: 

 187 12 ny  is a Nasty Number 

  120217
6

1
23  nn yy  is a Cubical integer 

  17468409821
18

1 2

34  nnn yyy
 is a Bi-quadratic integer 

 359328903025051339716126 121212   nnn yxx  

 87816959522357104010711932077 121232   nnn yxx  

 151503857184807 121212   nnn yxy  

 26183520666599931938720 121232   nnn yxy  

 2073612098 321212   nnn xxx  

 5184012098 321212   nnn yyy  

Some numerical examples are presented below: 

n xn yn 

1 49686 10374 

3 601080486 125452806 

Also, taking the negative sign in (2), the other set of solutions to (1) is given by                  

     ,)211255()211255(
21

9

7

12
211255211255

7

15 11
11









  nn

nn

nx  

                                               ,......5,3,1n  
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   
7

30
211255211255

7

6 11






 

 nn

ny   ,       ,......5,3,1n  

PROPERTIES: 

 7162473857332640126 121212   nnn xyx  

 125452806665999574896960126 121232   nnn xyx  

Alternatively, treating (1) as a quadratic in y and solving for y, we get 

   xxxy 72215
2

1 2                   (8) 

Let xx 7221 22                       (9) 

Substituting 
21

36


X
x                    (10) 

in (9), we have 

       121 22  X     
whose general solution is given by  

           




 

 11

211255211255
2

1 nn

nX                                 (11) 

           




 

 11

211255211255
212

1 nn

n               (12) 

From (10) and (11), we have 

         

   
7

12
211255211255

7

6 11






 

 nn

nx
          

                  (13) 

Substituting (12) and (13) in (8) and taking the positive sign, the corresponding integer solutions to (1) are 

given by 

       

   
7

12
211255211255

7

6 11






 

 nn

nx         ,  ,......4,2,0n  

     ,)211255()211255(
21

9

7

30
211255211255

7

15 11
11









  nn

nn

ny                                                                                                           

,......4,2,0n  

 PROPERTIES: 

 103685512620 2222  nnn xyx  

 125452800666599931938720 2242  nnn xyx  

 496804752012649 2222  nnn xyy  

 6010804803193872015302761 2242  nnn xyy  

 2073612098 22242   nnn xxx  

 5184012098 22242   nnn yyy  

            Also, taking the negative sign in (8), the other set of solutions to (1) is given by  

   
7

12
211255211255

7

6 11






 

 nn

nx         ,  ,......4,2,0n
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     ,)211255()211255(
21

9

7

30
211255211255

7

15 11
11









  nn

nn

ny

,......4,2,0n  

 PROPERTIES: 

 137755512640 2222  nnn yxy  

 26183520666599931938720 2242  nnn yxy  

In addition to the above two choices of solutions, we have an another pattern as shown below: 

 Introducing the linear transformations 

                                     vux     ,     vuy                                                             (14) 

   in (1), it is written as 

                                  10821 22  XY        (15) 

   where     

                   97  vY   ,   3 uX        (16) 

   The smallest positive integer solution of (15) is (X0,Y0)=(3,9) 

Let 
 nn YX

~~
,  be the general solution of the Pellian equation Y2=21X2+1 

     where  
   





 

 11

211255211255
212

1~ nn

nX
 

                     




 

 11

211255211255
2

1~ nn

nY  

Applying the lemma of Bramhagupta between the solutions
 00 ,YX

 and 
 nn YX

~~
, , the values of X and Y 

satisfying (15) are given by 

  nnn XYYXX
~~

001       

  nnn XXYYY
~

21
~

001                
In view of (16) and (14), the values of x and y are given by 

                                ,...4,2,0,30
~

126
~

30
7

1
1  nXYx nnn  

                                           ,...4,2,0,30
~

12
7

1
1  nYy nn  

Note that the value of x and y are integers when n is even. Thus, the integer values of x and y satisfying (1) are 

represented by, 

                                        7

30

21

9

7

15
12  nnn gfx

 

                                        7

12

7

6
12  nn fy

 

where     




 

 1212

211255211255
nn

nf

 

            

   




 

 1212

211255211255
nn

ng
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CONCLUSION 

 As the binary quadratic equations representing hyperbolas are rich in variety, one may consider other 

forms of hyperbolas and search for their non-trivial distinct integral solutions along with the corresponding 

properties. 
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